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Problem A.4

Let f(y) =

� 2

0
δ(y − x(2− x)) dx. Find f(y), and plot it from y = −2 to y = +2.

Solution

Use Equation A.13 on page 426,

δ(g(x)) =
n∑

i=1

1

|g′(xi)|
δ(x− xi), (A.13)

to simplify the integrand. Let g(x) = y − x(2− x), treating y as a constant, and find the zeros.

y − x(2− x) = 0

x2 − 2x+ y = 0

x =
2±

√
4− 4y

2

x = 1±
√
1− y

Evaluate the derivative of g(x).

g′(x) =
d

dx
(y − x(2− x))

= 2x− 2

Consequently, by Equation A.13,

δ(y − x(2− x)) =



1

|g′(1−
√
1− y)|

δ(x− 1 +
√
1− y) +

1

|g′(1 +
√
1− y)|

δ(x− 1−
√

1− y) if − 2 ≤ y < 1

1

|g′(1)|
δ(x− 1) if y = 1

0 if 1 ≤ y ≤ 2

=



1

2
√
1− y

δ(x− 1 +
√
1− y) +

1

2
√
1− y

δ(x− 1−
√

1− y) if − 2 ≤ y < 1

1

0
δ(x− 1) if y = 1

0 if 1 ≤ y ≤ 2

=



1

2
√
1− y

[
δ(x− 1 +

√
1− y) + δ(x− 1−

√
1− y)

]
if − 2 ≤ y < 1

undefined if y = 1

0 if 1 ≤ y ≤ 2

.
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Integrate both sides with respect to x from 0 to 2.

� 2

0
δ(y − x(2− x)) dx =



1

2
√
1− y

[� 2

0
δ(x− 1 +

√
1− y) dx+

� 2

0
δ(x− 1−

√
1− y) dx

]
if − 2 ≤ y < 1

undefined if y = 1

0 if 1 ≤ y ≤ 2

The first integral is zero if 1−
√
1− y is outside the interval (0, 2) and one if it’s inside the

interval. The second integral is zero if 1 +
√
1− y is outside the interval (0, 2) and one if it’s

inside the interval.

=



1

2
√
1− y

[ = 0︷ ︸︸ ︷� 2

0
δ(x− 1 +

√
1− y) dx +

= 0︷ ︸︸ ︷� 2

0
δ(x− 1−

√
1− y) dx

]
if − 2 ≤ y ≤ 0

1

2
√
1− y

[� 2

0
δ(x− 1 +

√
1− y) dx︸ ︷︷ ︸

= 1

+

� 2

0
δ(x− 1−

√
1− y) dx︸ ︷︷ ︸

= 1

]
if 0 < y < 1

undefined if y = 1

0 if 1 ≤ y ≤ 2

=



1

2
√
1− y

(0) if − 2 ≤ y ≤ 0

1

2
√
1− y

(2) if 0 < y < 1

undefined if y = 1

0 if 1 ≤ y ≤ 2

Therefore,

f(y) =

� 2

0
δ(y − x(2− x)) dx =



0 if − 2 ≤ y ≤ 0

1√
1− y

if 0 < y < 1

undefined if y = 1

0 if 1 ≤ y ≤ 2

.
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Below is a plot of f(y) versus y for −2 ≤ y ≤ 2.
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